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Abstract

Unsupervised learning from a continuous stream
of data is arguably one of the most common
and most challenging problems facing intelligent
agents. One class of unsupervised models, collec-
tively termed feature models, attempts unsuper-
vised discovery of latent features underlying the
data and includes common models such as PCA,
ICA, and NMF. However, if the data arrives in
a continuous stream, determining the number of
features is a significant challenge, and the num-
ber may grow with time. In this work, we make
feature models significantly more applicable to
streaming data by imbuing them with the ability
to create new features, online, in a probabilistic
and principled manner. To achieve this, we derive
a novel recursive form of the Indian Buffet Pro-
cess, which we term the Recursive IBP (R-IBP).
We demonstrate that R-IBP can be be used as a
prior for feature models to efficiently infer a poste-
rior over an unbounded number of latent features,
with quasilinear average time complexity and log-
arithmic average space complexity. We compare
R-IBP to existing sampling and variational base-
lines in two feature models (Linear Gaussian and
Factor Analysis) and demonstrate on synthetic
and real data that R-IBP achieves comparable or
better performance in significantly less time.

1. Introduction

Feature models are a broad class of unsupervised probabilis-
tic models that aim to decompose data into an unknown
number of unknown features under certain assumptions,
a class which includes principal component analysis, fac-
tor analysis, independent component analysis, non-negative

“Equal contribution 'Computer Science, Stanford Univer-
sity *Brain and Cognitive Sciences, MIT >Electrical Engi-
neering and Computer Science, MIT *McGovern Institute for
Brain Research, MIT. Correspondence to: Rylan Schaeffer
<rschaef@cs.stanford.edu>.

Proceedings of the 39" International Conference on Machine
Learning, Baltimore, Maryland, USA, PMLR 162, 2022. Copy-
right 2022 by the author(s).

Omniglot Omniglot

2000 % Variance 3 K
05 5095
0.75 3
- 1500 5
— 0.95 < 0.90
— 0.99 £0.85

1000 $0.80 Num PCs

100
5

c 075 250
go70 500
£ g — 1000

«
=
3

Num PCs to Explain % Variance

o
e
o

0 1000 Da‘aseztﬂgge 3000 0 1000 Datas:togige 3000
Figure 1. Motivation for Infinite Feature Models. As more data
are observed, a feature model (here: PCA) requires increasingly
more features to explain the data (Omniglot handwritten characters)
(left) or else becomes increasingly unable to do so (right).

matrix factorization, matching pursuit, and more.

A fundamental problem in feature modeling — analogous to
the problem in mixture modeling of choosing the number
of clusters — is choosing the number of features. Users
typically employ one of two approaches: Either (1) pre-
specifying a fixed number of features or (2) retroactively
choosing a number of features after seeing all the data based
on some criterion (e.g., selecting the number of principal
components necessary to explain 95% of the variance). In
a streaming setting, however, where data are received over
time, neither approach suffices. For instance, representing
handwritten characters with a fixed number of principal
components becomes inadequate as more characters are
encountered (Fig. 1). Thus the number of features should
flexibly adapt to the data in the streaming context.

Such flexibility is a goal not only because the streaming
setting for feature models is important in its own right, but
also because feature models are a pervasive approach taken
in neuroscience and cognitive science to explain how in-
telligent agents model the world as they move through it
(Olshausen & Field, 1997; Hyvirinen, 2010; Pehlevan et al.,
2015). Intelligent agents, from mice to humans to mobile
devices, must deal with streaming data since these agents
operate with limited memory that renders storage of and
computation on all previously seen data prohibitive.

This raises the question of how to perform efficient stream-
ing inference for “infinite” feature models, a question we
answer here. Following the approach of Schaeffer et al.
(2021) to efficient streaming inference for “infinite” mix-
ture models, we first show that the Indian Buffet Process
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(Griffiths & Ghahramani, 2005), a stochastic process fre-
quently used for Bayesian nonparametric feature models,
can be rewritten in a novel form designed for streaming
inference with expected quasilinear time and expected log-
arithmic space complexity. We then demonstrate on both
synthetic and real (tabular & non-tabular) data that R-IBP
matches or exceeds the performance of five streaming and
non-streaming baseline inference algorithms in less time.

2. Background
2.1. Generative Model

We consider observing a sequence of D-dimensional vari-
ables o1.y (0, € RP) based on a sequence of N K-
dimensional binary latent variables z;.n, with z, €
{0,1}¥, K unknown, and ;. denoting the sequence
(‘1,25 ., *n). Each z,y in the (N x K)-dimensional la-
tent variable matrix Z denotes the presence or absence of
the kth feature in the nth observation. Each feature is some
unknown vector A;, € RP drawn i.i.d. from some distri-
bution p(A.). Because the number of latent features K
is unknown, the Indian Buffet Process (IBP) serves as a
flexible prior over the latent indicators:

Z1:N NIBP(a76>
Ay ~ii.ap(A) (1)
On|zn; {Ak} ~ p(0|zn, {Ak})

This encompasses many feature models including Principal
Component Analysis, Factor Analysis, Independent Com-
ponent Analysis, and Non-Negative Matrix Factorization.

2.2. Indian Buffet Process

The Indian Buffet Process (IBP) (Griffiths & Ghahramani,
2011) is a two-parameter' (o > 0, 8 > 0) stochastic pro-
cess that defines a discrete distribution over binary ma-
trices with finitely many rows (observations) and an un-
bounded number of columns (features). The name IBP
arises from imagining customers (rows/observations) ar-
riving sequentially at a buffet that has an infinite number
of dishes (columns/features) and selecting which dishes to
eat: the nth customer selects an integer number of new
dishes \,, ~ Poisson(af/(8 + n — 1)) and then selects
previous dishes with probability proportional to the number
of previous customers who selected those dishes. Denot-
ing the total number of dishes after the first n customers

A, =>""_1 Ay, the IBP defines a conditional distribution
!The IBP originally had a single parameter (Griffiths & Ghahra-
mani, 2005) but was extended to two (Ghahramani et al., 2007)
and later three (Teh & Goriir, 2009). Our paper applies equally to
all, but since our focus is on efficient streaming inference and not
particular properties of an IBP variant, we chose the two parameter
IBP to balance expositional simplicity against model flexibility.

for the nth row and kth column’s binary variable z,,5:

p(zn,lc = 1|Z<n,k7 Anfh )‘na a, ﬁ)

Tt Lwan 2wk 1<k < Any
=41 ifA, 1 <k<A,_1+ X\,
0 otherwise

2

The IBP is a useful stochastic process for defining a prior
over the number of features as well as the presence/absence
of features in any particular observation because it allows
for the number of features to grow as more data are ob-
served while independently controlling the features’ spar-
sity. Because each A, is an independent Poisson with
rate a3/(8 + n — 1) and because the sum of indepen-
dent Poisson random variables is itself Poisson, we know
that A,, ~ Poisson(} . _, af/(8 +n' —1)). This im-
plies the expected number of dishes grows logarithmically
with n because E[A,] = Y0 _,aB/(B+n — 1)) =
aB [7s_, dn' [(B+n'—1) = af(log(B+n—1)—log(B)) ~
aflog(1 + n/f); this detail becomes important in our later
complexity analysis. Ahead, we often omit «, § for brevity.

3. Efficient Streaming Inference
3.1. Objective

Our goal is to infer a posterior distribution over the cur-

. . def _
rent observation’s binary latent variables z,, é{znk}’,j:‘fo
and the latent features { Ax}72 , given the entire history of
observations o<y, subject to two constraints:

1. Inference must be performed online, i.e. the nth obser-
vation is discarded before proceeding to the (n + 1)th
observation.

2. Inference must be efficient in the large sample limit.

Inferring the latent posterior p(z,, {Ax}|o<n) is often
called filtering (e.g., Kalman filter, particle filter). We
slightly abuse terminology by calling p(z,, { Ax }|o<,) the
filtering prior and p(z,, { A }|o<y) the filtering posterior,
to indicate whether the observation o,, is conditioned upon.

3.2. Challenges with Streaming Inference

Filtering with an IBP prior requires solving several emergent
problems. For concreteness, we illustrate these problems
on the commonly used linear-Gaussian model (Griffiths
& Ghahramani, 2005; Teh et al., 2007; Doshi-Velez et al.,
2009; Paisley & Carin, 2009; Doshi-Velez & Ghahramani,
2009), although our experiments will also showcase Factor
Analysis. In the linear-Gaussian model, O € RY*P are the
observed data, Z € {0,1}V*X are the binary indicators,
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Figure 2. Visualization of the Recursive IBP. To make streaming inference possible, we break the IBP’s dependence on the entire history
Z<n by converting the conditional p(zn|z<n, @, 3) into a sequence of marginals p(zy|a, 3). The running sum of the previous marginal
distributions ) -, . p(zn/ = 1) (left) and the distribution over the number of dishes p(A,, = k) (middle) together determine the next

marginal distribution p(znx = 1) (right).

A € REXD gre the features, and E € RV *P are noise.
7 ~ IBP(a, §)
A ~N(pa,Xa)
En ~ N(O, O—SIDXD)
O=Z7ZA+F

3)

On streaming data, each o,, (i.e. row of O) is observed, then
discarded. What are the challenges for inference?

1. Dependence on Entire History: The IBP’s condi-
tional distribution p(2,k|2<nk, An—1, An) renders the
current indicators z,, dependent on all previous indi-
cators z.,, implying any inference algorithm must
remember the entire history of indicators.

2. Exponentially Many Evaluations of Likelihood: The
likelihood p(0,,|z,; A) looks benign, but recall that z,,
is the set of binary variables {znk}zz\‘ This means
computing a posterior requires evaluating the likeli-
hood for 22 possible configurations at each step 7.

3. History Dependence and Non-Factorized
Posterior: In the prior, the indicators are
independent, ie.,  p(zn|z<n, An—1,An) =
Hgif"p(znk|z<nk,An_1,)\n), although this in-
dependence depends on knowing the entire history
Z<n. Upon conditioning on the observations,
the indicators are no longer independent, i.e.,
p(znlo<n) # HZZ\ p(znk|o<n), because features
are not required to be orthogonal and the pres-
ence/absence of one feature can “explain away” the
presence/absence of another feature.

4. Unknown Posterior over Number of Features: In
the IBP prior, the number of new indicators per obser-
vation \,, and the total number of indicators after n
observations A,, = Z” 1 Ay are both Poisson with

n'=

known rates. But what are the posterior distributions,
and are they efficiently computable?

3.3. Recursive Expression for IBP Marginals

Our approach is to recast the IBP in a novel form that breaks
the IBP conditional distribution’s dependence on the entire
history. We achieve this by converting the conditional dis-
tribution p(zpk = 1|2<n, An—1, An, @, 8), which depends
on the entire history, into a sequence of marginal distri-
butions p(z,, = 1|a, ) that can be efficiently computed
recursively. The marginal distribution p(z,; = 1) is exactly
equal to the IBP’s conditional distribution averaged over all
sample paths:

P(enk = 1) = Ep(z,,) [L(znk = 1)]
= Ep(z<naAn—17>\n) [EP(an‘Z<n,7An,—1y>\7L) [H(an = 1)]]

= ]EP(Z<7L>A71717)\7L) [p(znk|z<n7 An—lv )\n):|

Substituting Eqn. (2) and simplifying yields a recursive
expression for the marginal distribution:

1

+p(An—l S k — 1) 7p(An—1 + )\n S k — 1)

We term Eqn. (4) the recursive form of the IBP, or the Re-
cursive IBP for short. Intuitively, the Recursive IBP tells us
that the probability that the kth feature is present in the nth
observation is given by the running sum of how probable
the kth feature’s presence was in each previous observation,
plus the difference of two terms; this difference is between
two Poisson CDFs, which drives new observations to add
new features. Fig. 2 offers a visual intuition for Eqn. (4),
showing how the accumulating probability mass of previous
dishes competes with the addition of new dishes to deter-
mine the next customer’s likely dishes. This recursive form
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of the IBP preserves two qualities of the IBP: (1) if a feature
is frequently present in observations, then the next obser-
vation is also likely to possess that feature, and (2) new
features can be created to explain new data.

3.4. Performing Inference with the Recursive IBP

For the IBP as a stochastic process, Eqn. (4) is exact. How-
ever, to use the R-IBP for inference, we use one approxi-
mation. To see why, suppose we want a prior for the next
observation and so condition on the sequence of observa-
tions up to but excluding the current index:

1
Z p(zn’k = 1|O<n)

- B+n—1 %
n’'<n
+p(A’n—1 S k— 1|0<TL) _p(An—l + )\n S k— 1|0<TL>

p(znk = 1‘O<n)

Each term p(z,/x = l|o<,) in the sum requires that, for
each observation, all previous posteriors must be retroac-
tively revised; these revisions would require O(n) opera-
tions at each step n, and would also require remembering
all n observations. To avoid this, we turn to approximate
inference by approximating the true IBP prior p(zy,|0<,)
with an approximate IBP-like prior ¢(zy,|0<y):

def 1
n n)=——"""— n’ =1 n'
q(2nklo<n) 5+”—1n§,<NQ(z k= 1lo<n)
+ Q(An—l S k— 1|O<n) - q(An—l + )\n S k— 1|0<7L)

(&)

This approximate prior is akin to the true prior, with the key
difference that the former prohibits revising previous pos-
teriors based on later observations. For the linear-Gaussian
model, the variational family in which we optimize is:

f
a(znl0<n; ) H 4(2nk|o<nibnk)q(Ak|o<n; taks Xnk)
k
q(Znk|0<n; buk) défBern(bnk)

def
q(Aglo<n; tink, k) = N (g, Znk)

def iy
where 6,, = {bp b1 U {ttnr Jr U {Enk b & are the variational
parameters and the optimization problem is to maximize the
approximate lower bound:

def
‘C(en) = Eq(zn,A|0§n) [Ing(0n|Zn7 A)]

+ Eq(ajoz,) [log g(Alo<n)]
+ EQ(Zn lo<n) [log Q(Zn |0<n)
+ H[q(zn, Alo<y)]

(6)

The variational parameters must be solved self-consistently,
and we derive the necessary equations in closed form in the

Supplement. At the risk of overloading terminology, we
also call this inference algorithm R-IBP based on its origin.
R-IBP operates by performing a single iteration of message
passing on the IBP’s directed graph. Two advantages of
our approximation are that it solves the second challenge
(exponentially many likelihood evaluations) and the third
(non-factorized posterior), but at the cost of using an objec-
tive function that is no longer a guaranteed lower bound on
the log evidence. We do not necessarily see this as a prob-
lem since prior work shows that tighter log evidence bounds
do not necessarily produce better models (Rainforth et al.,
2019). Yet the fourth issue remains: what is the filtered
posterior g(A,|o<y,) over the total number of features?

3.5. Distribution over Number of Features

Perhaps surprisingly, under the same assumption and regard-
less of the particular feature model, the filtered posterior
over the number of features is Poisson with a calculable rate.
The total number of dishes after the nth customer is defined:

’
n =n

k=00
def .
An: E min <1, E Zn’k)
k=1 n’/=1

Each term in the sum counts whether the kth feature was
present in at least one of the first n observations, and the
sum is therefore a Bernoulli random variable with success
probability 1 — [, =} p(zn/k = 0]o<,) because, in order
for the k-th feature to not exist, the feature cannot have been
present in any of the first n observations. Le Cam’s Theo-
rem (Le Cam, 1960) tells us that the sum of independent
Bernoullis is closely approximated by a Poisson:

k=00 n'=n
q(Ano<n) = Poisson( Z (1 - H qQ(znp = OOSn/))>
k=1 n'=1

Additionally, because the prior over the number of new
features added by the nth observation is independent from
the preceding total number of features, the second Poisson
in Eqn. (5) is distributed:

ap
B+n—1

k=00 n'=n—1
+ (1 - H q(zni = O|0<n/))>

k=1 n’'=1

q(Aplocn) = POisson(

Although the equation looks daunting, all terms are available
through R-IBP. For detailed derivation, see the Supplement.
3.6. Complexity Analysis

The time and space complexity of the Recursive IBP is
determined by the number of latent features A,,, which is
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unbounded and neither converges nor concentrates. If we in-
stead use the expected number of latent features in the prior
E[A,] = aflog(1+ 3/n), and assume that we take at most
S coordinate ascent steps per observation, the average-case
time complexity per observation is O(SE[A,,]), making the
total average-case time complexity for N observations quasi-
linear O(N Slog(1l 4+ N)). The total average-case space
complexity is logarithmic O(E[Ax]) = O(log(1 + N)) to
store the variational parameters, the running sum of proba-
bility masses and the running product of probability masses.
Empirically, we find that R-IBP follows these asymptotic
trends on both synthetic and real data (Fig. 8).

4. Analytical Results
4.1. R-IBP in Zero-Noise Limit

In general, given some generative model and an inference
algorithm, one often wants to know whether the algorithm
converges, what it converges to, and how quickly it con-
verges. Feature models are notoriously difficult to charac-
terize analytically for several reasons including degenera-
cies and combinatoric complications. To our knowledge,
there is one setting in which IBP theory was achieved: the
linear-Gaussian model in the zero noise limit, i.e. o2 — 0
(Broderick et al., 2013b). By considering R-IBP in the
same limit, and similarly reparameterizing the model with

a & exp(—42/202) and setting 3 = 1, we show:

Proposition 4.1. Consider a linear-Gaussian model
O = ZA + E with an IBP(«, 3) prior on Z. In the
limit 02 — 0, R-IBP fits the data using Z and A with a
regularization term penalizing the number of features A

by minimizing the objective function:

Tr [(0 —ZA)T(0 — ZA)| + 1Ay %)

This objective function tells us R-IBP will seek to minimize
the squared error between the observations and the subset
of infinite features thought to be present (or equivalently,
maximize the log likelihood of the data), with a regulariza-
tion term that penalizes the number of used features. This
objective function is akin to the Bayesian Information Crite-
rion (Schwarz, 1978), in that it maximizes the log likelihood
while penalizing the number of parameters. However, R-
IBP does not necessarily converge because it performs only
a single pass through the data and multiple passes may be
necessary for convergence. Our proof works by showing
that in the 03 — 0 limit, R-IBP becomes Broderick et al.’s
BP-Means algorithm (Broderick et al., 2013b) and thus min-
imizes the same objective; see the Supplement for details.
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Figure 3. Monte Carlo vs. Analytical Expression. Over a wide
range of (o, 3) parameter pairs, we find excellent visual match be-
tween Monte Carlo estimates of the marginal probabilities drawn
from the conditional p(zn|2<n, @, 8) (left) and the Recursive
IBP’s marginal probabilities p(zy |c, 3) (right).

5. Experimental Results
5.1. Exactness of Recursive IBP for the IBP

Setting inference aside temporarily and considering solely
the IBP stochastic process, the Recursive IBP should ex-
actly give the IBP indicators’ marginal distributions. We
confirm this by comparing Eqn. (4)’s analytical expression
to 5000 Monte Carlo samples drawn from the IBP’s con-
ditional distribution over o € {1.1,10.78,15.37} x 8 €
{2.3,5.6,12.9}. Visually, the analytical and Monte Carlo
plots display excellent agreement (Fig. 3). Quantitatively,
the mean squared error between the analytical expression
for all p(z,,|c, B) and the Monte Carlo estimates falls ap-
proximately as a power law in the number of Monte Carlo
samples (Fig. 4) for all («, ) values. This supports our
claim that R-IBP is exact for the IBP as a stochastic process.

5.2. Infinite Linear Gaussian on Synthetic Data

We next turned to performing inference in the linear-
Gaussian (LG) feature model given in Eqn. (3):

O=ZA+F

where the indicators Z are drawn from an IBP and the fea-
tures A = {Ay} from a matrix Normal distribution. We
used synthetically generated data to have access to ground
truth features. We compared R-IBP against five baseline al-
gorithms. The first two baselines are streaming algorithms,
whereas the last three baselines are non-streaming algo-
rithms that have unfettered access to all observations and
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Figure 4. Mean-Squared Error between analytical expression
for the marginal and a Monte Carlo marginal estimate. Over a
wide range of (v, 3) pairs, the mean-squared error between our an-
alytical expression and Monte Carlo estimates falls approximately
as a power law, showing the exactness of Eqn. (4).

therefore serve as upper bounds on performance; any com-
parison against these last three baselines maximally disfa-
vors our method. The baseline algorithms are:

» Streaming Variational Inference (Widjaja & Doshi-
Velez, 2017), both “finite” and “infinite” variants.

¢ Variational Inference (Doshi-Velez et al., 2009), both
“finite” and “infinite” variants.

e Hamiltonian Monte Carlo-Gibbs Sampling (Duane
et al., 1987), implemented in Pyro (Bingham et al.,
2019)

We included Widjaja & Doshi-Velez (2017)’s method de-
spite being less well known because it is the only stream-
ing variational inference algorithm for the IBP that we
are aware of. At a high level, the algorithm works via
a Beta Process stick-breaking construction. Specifically,
each presence/absence indicator z,, for the kth feature is
sampled i.i.d. from Bernoulli(my), where 7y is defined

as a product of i.i.d. Beta variables déf]_[k,<k vy and
Vgr ~i.q.q4. Beta(a, 1); the variational distribution for each
vk is then defined as Beta(7y/1, Tk/2) for variational pa-
rameters Tg/1, Tk/2.

Quantitatively comparing inference algorithms for feature
models is notoriously difficult, and many papers skip at-
tempting to do so altogether, e.g., (Griffiths & Ghahramani,
2005; Teh et al., 2007; Miller et al., 2009; Paisley & Carin,
2009; Paisley et al., 2012; 2010). The most appropriate
metric we found was the (negative log) posterior predictive
probability (Widjaja & Doshi-Velez, 2017; Paisley et al.,
2011), as the metric may be be computed for any infer-
ence algorithm, regardless of underlying parametric assump-
tions. The posterior predictive distribution quantifies, in
a parameter-free manner, how probable new observations

Otest drawn from the same generative process are, after see-
ing the original data O¢yqin, marginalizing over all possible
parameters:

p(Otest |Otrm'n)
= /p(Otest‘Ztesty A)p(Ztesta A|Ot7"ain)d(Ztest7 A)

= Ep(Ztest JA[O¢rain) [P(Otest| Ztest, A)]

s=S
1 s R
~ 5 2 N(Orewt| 2,2, AV 07)
s=1

where S is a pre-specified number of samples (we arbitrarily
use 100) and Zt(‘zzt, A~ p(Ziest, A|Otrain)-

Over different («, 3) pairs and averaging over 10 syntheti-
cally generated datasets, we find that R-IBP achieves lower
(better) negative log posterior predictive values than all
other inference algorithms except for Doshi-Velez’s (non-
streaming) finite algorithm (Doshi-Velez et al., 2009) (Fig.
5), outperforming even Doshi-Velez’s (non-streaming) in-
finite algorithm. We also find that R-IBP is significantly
faster than almost all other inference algorithms (Fig. 5)
except for Widjaja’s (streaming) finite algorithm (Widjaja &
Doshi-Velez, 2017) which achieves significantly worse per-
formance. These results demonstrate that R-IBP provides a
good tradeoff between performance and speed and is a com-
petitive inference algorithm for infinite feature modeling on
streaming and on non-streaming data.

One surprise was that R-IBP sometimes performs as well as,
or even better than, non-streaming baselines when the model
is properly specified. For both of Widjaja et al.’s algorithms
and both of Doshi-Velez et al.’s algorithms, we used author-
published code to minimize the possibility of implementa-
tion errors. Our hypothesis (see Discussion for details and
supporting evidence) is that because most (if not all) IBP-
inference algorithms rely on stick-breaking constructions
that chain-multiply inferred beta variables, errors amplify
in a multiplicative way, whereas R-IBP adds inferred beta
variables to cumulative sums of sufficient statistics, washing
out errors as more data are observed.

We also tested whether R-IBP recovers the true number of
features when the model is properly specified. We found
that as R-IBP receives more observations, it converges to the
true number of inferred features (Fig. 6, left), over a range of
different data dimensions. Those features are incrementally
added with more observations (Fig. 6, right).

5.3. Infinite Linear Gaussian on MNIST Digits

We next tested how well R-IBP performs on real data, fol-
lowing the example set by (Paisley & Carin, 2009): we took
the odd digits from MNIST (Lecun et al., 1998) and mea-
sured how (dis)similar the features inferred for each class
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Figure 5. Comparison of Linear-Gaussian Inference Algorithms. Over a range of « values, R-IBP is significantly faster than baseline
inference algorithms and has better (lower) negative log posterior predictive values than the streaming baselines and even some non-
streaming baselines, averaged over 10 synthetic datasets. We fix 5 = 1.0 because baseline algorithms are only defined for 5 = 1.0. In all

panels, the correct «r, B values are given to each inference algorithm.
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Figure 6. R-IBP Feature Recovery on Streaming Data. R-IBP
recovers the correct order of magnitude of number of features (left),
adding features as more observations are encountered (right).

are. To quantify similarity between MNIST digit classes,
we compute the fraction of features shared between two
data drawn from the same digit vs. two data drawn from
different digits. One might predict that 3 and 5 are similar,
7 and 9 are similar, and perhaps 1 is on its own. This is
precisely what R-IBP recovers, in an unsupervised manner,
qualitatively matching the confusion matrix of a separately
trained supervised convolutional neural network classifier
(Fig. 7), and matching the results of Paisley & Carin (2009).

Confusion Matrix Classifier

-1.0
-0.9
0.8
0.7

IIIIIIII

Figure 7. R-IBP Recovers Intuitive Features for MNIST
Classes. Feature similarity between images of MNIST digits
drawn from same and different classes. Feature similarity matches
the confusion matrix of an independently-trained convolutional
neural network classifier on MNIST images. R-IBP infers more
similar features for digit classes 3 and 5, and for 7 and 9, with the
digit class 1 largely isolated.
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Figure 8. R-IBP performance on cancer gene expression and di-
abetic patient data. On cancer gene expression (top) and diabetic
patient (bottom) data, R-IBP matches or outperforms baseline algo-
rithms across hyperparameter configurations (left). R-IBP runtime
scales linearly with o and quasilinearly with 3 (right), qualitatively
matching our complexity analysis.

5.4. Infinite Linear Gaussian on Tabular Data

We additionally tested R-IBP on tabular data, using two
datasets from the UCI Machine Learning Repository (Dua
& Graff, 2017): gene expression of cancer patients (801
samples, 20k features), and diabetic patient profiles (100k
samples, 55 features) (Strack et al., 2014). Because the hy-
perparameters «, 3, 0 4, 0, are unknown, we swept these for
each algorithm. The distribution of negative log posterior
predictive scores shows that on both datasets, R-IBP per-
forms well (Fig. 8, left); however, if one considers only the
best configuration of hyperparameters for each algorithm,
the two Doshi-Velez algorithms outperform R-IBP. We also
tested whether our complexity analysis holds qualitatively
by plotting how R-IBP’s runtime varies as a function of «, 3,
with the expectation that the runtime should scale linearly
with o and quasilinearly with § i.e. 3log(1 + N/f3); this is
precisely what we found in both datasets (Fig. 8, right).
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Figure 9. R-IBP vs Finite Factor Analysis on Omniglot. R-IBP
overfits for low noise parameters (upper left), but outperforms
Finite Factor Analysis for higher noise parameters (lower center).

5.5. Infinite Factor Analysis on Omniglot

We conclude by demonstrating R-IBP’s general applicability
using a different feature model, Factor Analysis (FA), which
generalizes linear-Gaussian and (probabilistic) PCA. FA
introduces W,, € R¥ ~ N(0,%,,) (with ,, diagonal) to
capture the degree to which a feature is expressed. The FA
generative model is:

Z ~ IBP(a, )
Ay ~ N(pa,Xa)
wy, ~ N(0,%y) (8)
en ~N(0,02Ipxp)
O=(ZoW)A+E

To showcase the utility of R-IBP on non-tabular data, we
took a pretrained variational autoencoder (VAE) (Kingma
& Welling, 2014) with a Gaussian latent priorz, fed it Om-
niglot handwritten character images (Lake et al., 2015), and
used its latent posterior means as observations. As a base-
line, we used Finite Factor Analysis (FFA), implemented in
scikit-learn (Pedregosa et al., 2011), sweeping the number
of finite components. We found that low-noise parameters
significantly overfit (Fig. 9) compared to FFA baselines, but
for higher-noise parameters, achieved lower reconstruction
error and negative log posterior predictive values.

6. Related Work

There is significant prior work on streaming inference as
well as Bayesian nonparametric modeling. At the intersec-
tion of the two, early papers focused on mixture modeling
(also known as clustering) (Lin, 2013; Tank et al., 2015;
Campbell et al., 2013), but later papers considered more
general nonparametric models (Campbell et al., 2015; Brod-
erick et al., 2013a).

’The VAE was acquired from (Tomczak & Welling,
2018)’s publicly available code at https://github.com/
jmtomczak/vae_vampprior.

R-IBP is similar to the Collapsed Gibbs sampler (CGS)
proposed in the original IBP paper (Griffiths & Ghahra-
mani, 2005), but differs in four critical ways. First, CGS is
based on the IBP’s conditional distribution, whereas R-IBP
is based on the IBP’s marginal distribution. Second, R-IBP
never forces the indicators z, j to take values in {0,1};
rather, R-IBP’s indicators exist in a superposition defined
by the average over all sample paths. Third, unlike CGS,
R-IBP does not marginalize out the features. Fourth and
finally, CGS cannot be used on streaming data because the
marginalization requires the features to follow a matrix nor-
mal distribution, yet once any data are observed, the features
no longer follow a matrix normal distribution since some
features shift to explain the data while other features do not.
Two related IBP streaming inference papers are (Widjaja &
Doshi-Velez, 2017) and (Wood & Griffiths, 2007).

7. Discussion

In this paper, we demonstrate how intelligent agents receiv-
ing streaming data can make use of infinite feature models
that create new features online, as demanded by the data,
in a probabilistic and principled manner. This was possi-
ble due to our novel recursive form of the Indian Buffet
Process, which we termed the Recursive IBP. We showed
that the Recursive IBP can be combined with different fea-
ture models, and that inference based on the Recursive IBP
displays performance and speed close to or sometimes sur-
passing baseline algorithms (including some offline baseline
algorithms, which have a significant advantage).

One curiosity is why Recursive-IBP performs so well. We
used published code for the two Widjaja et al. and two
Doshi-Velez et al. baselines, so implementation error is
unlikely. Our hypothesis stems from the observation that
the baselines do not use the IBP but rather its De Finetti
mixing-distribution: the Beta Process, e.g. (Teh et al., 2007;
Thibaux & Jordan, 2007; Doshi-Velez et al., 2009; Paisley &
Carin, 2009). The consequence of using the Beta Process is
that its stick-breaking constructions chain multiply inferred
quantities. We hypothesize this multiplication causes impre-

° e o
# \2\9\2 »
o0 0 0 T /
© 000
® ® @@ ‘
® @ @ @ \

Figure 10. Beta Process vs. Indian Buffet Process. The Beta
Process (left) chain multiplies terms (red) to compute each feature’s
probability (yellow) for Z (aqua), whereas the IBP (right) creates
columns (green) then adds terms within columns of Z (aqua).
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cisions to quickly compound. In contrast, the Recursive IBP
marginalizes over feature probabilities, and instead adds
the inferred quantities to running sums, causing errors to
become less damaging with large n (Fig. 10).

This hypothesis is similar to the claim that collapsed Gibbs
sampling is often superior to Gibbs sampling (Liu, 1994)
because variables have been marginalized out. Although
we are currently unable to prove our hypothesis, Widjaja &
Doshi-Velez’s “infinite” algorithm provides supporting evi-
dence. That algorithm and R-IBP are both infinite (i.e., non-
truncated) and both streaming; the only difference is that
Widjaja et al. use a stick-breaking prior for z,,;, whereas we
use the approximate R-IBP prior. In our experiments, R-IBP
consistently outperforms Widjaja et al.’s infinite algorithm.

To emphasize one point, our particular choice of the filtering
prior ¢(zn|o<y) drops dependence on future observations.
Consequently, R-IBP will suffer if the smoothing and fil-
tering distributions differ significantly. However, charac-
terizing this difference analytically or empirically proved
difficult. The challenge is that other inference algorithms
we are familiar with use the stick-breaking construction of
the IBP, and we couldn’t think of how to disentangle the
effect of assuming a different graphical structure from the
effect of not revisiting past filtered distributions. Our paper
is not the first to use this restriction for tractability (e.g.,
Marino et al. (2018)), and we attempted to remove it by
adapting Campbell et al. (2021), but found their approach
relies on assumptions inapplicable to the IBP. We view this
as important, non-trivial future work.

Looking forward, Bayesian nonparametric models are a
growing topic of interest in cognitive science and neuro-
science, in studies ranging from human sensorimotor learn-
ing (Heald et al., 2021) to mouse spatial navigation (Sanders
et al., 2020). We are keen to study whether R-IBP and sim-
ilar streaming inference algorithms, e.g., (Schaeffer et al.,
2021), can better explain behavioral and neural data.
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A. Posterior Distribution Over Total Number of Dishes

As before, let A,, denote the total number of dishes after the nth customer:

k=00 n'=n
def .
A, = min (1, g zn/’k>
k=1 n’/=1

Each term in the sum represents whether the kth dish (feature) exists after n customers (observations). Let’s consider one
term in the sum: M, & min(1, )",/ -, Zn’,x). We can use the following proposition to determine the distribution of 7,
Proposition A.1. Let X be a random variable with CDF Fy () = p(X < x) and let ¢ € R be a constant. Then the
random variable Yd:efmin(c, X) has a CDF Fy (y) = p(Y <y) given by

_JFx(y) ify<c
Fy(y){l ify>c’

Substituting m, for Y, > znk for X and 1 for ¢, it follows that

ank\ogn (O) = FE Zprplo<n (0)

n’'<n

and
Frloz, (1) = 1.
We can now determine the probability mass function (PMF) of m,x:
q(mnk = Olo<n) = q(mpr < 0]o<n)
= Fn,ilo<, (0)
=y z002.(0)

= q( Z Znik < 0’0@)

n’'<n
0§n)

n’'<n
where the first and last steps follow because m,,; and Zn, <n #n’,k can only take values in {0,1,2,...,n}. Each z,/ isa
Bernoulli random variable with distribution given by p(zn/ﬂoﬁn/ ). The sum can only be 0 if all z,,/;, = 0, which occurs
with probability [, -,, P(2n'k = 0lo<y’). The PMF of my,, is therefore

p(mnk = 0\091) = H p(zn’k = 0|0§n)

n’'<n

p(mur = 1lo<n) = ank|05n(1) — Folocn (0)
— 1~ T plews = Olozw)

n’'<n

and p(Mj, = n) = 0 forn = 2,3, ..., t. This tells us that M}, ~ Bernoulli(1 — [, ., p(2nx = 0]o<y)), which matters
for two reasons. First, as £ — oo, the product approaches 0 and thus the probability that the kth feature exists goes to I,
which is what we expect: given infinite data, the IBP should fill the entire feature space. Second, because A,, is the sum of
independent but non-identically distributed Bernoullis, Le Cam’s Theorem (Le Cam, 1960) again tells us A,, closely follows
a Poisson distribution:

k=00
p(Ap|o<y,) = Poisson < mnk)
k=1
k=00 n'=n
= Poisson (1 - H p(zni = O|0§n/))
k=1 n'=1
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B. Variational Parameter Updates
B.1. Closed Form Expression for Variational Parameters in the Exponential Family

In the following three subsections, we use the following fact (Beal, 2003; Wainwright & Jordan, 2008): if a distribution
p and its variational approximation ¢ are both in the exponential family, then the optimal variational parameters (; that
correspond to the variational distribution over variable IW; are the solution to

log ¢(Wi; Gi) = Eqw_, [log p(W, X16)] )

This simply means that when optimizing the variational parameters for a variable, we can replace other variables with their
expectations under the variational distribution and then solve for that one variable’s parameters.
B.2. Closed Form Solutions for Linear-Gaussian Variational Parameters

We provide closed form solutions for the variational parameters for the linear Gaussian model. The model is

on=ATz, + €,

where A € REXD 2 € {0,1}¥ ¢, € RP, with Gaussian priors on A and e. We posit the variational family:

k=A,
Q(Zn,A|0§n, n é H an|0<n7 nk) (Ak|O§n;,unk72nk)

Q(znk|0<n§ bnk) = Bern(bnk)

(Ak|0<naunk:a2nk) N(,U/nk72 )

def . . o .
where 0,, = {bnk } e U {pbnk }& U {Znk i are our variational parameters for the n observation. Our optimization problem is
to maximize the approximate lower bound with respect to 6,,:

E q(2n,Alo<n;0n) [IOgQ(Zn‘O<n) + IOg q(A‘0<n) + Ing(Onlzru ) + H[q('zna A|0§n)]

where q(Alo<y) dgq(A|0§n_1) and q(zp|0o<y) is given by Eqn. 5. To find the variational parameters for the indicators z,;
and features A,,;, we will use the closed form solutions. Dropping irrelevant terms from line to line, for the binary indicators,
we have:

log q(znilo<n; bnt) = Eq(z,_,, Alo<,.:0,,) 108 P(0n, 20, A)]
= ]Eq(zn,L,A|o§n;0n) [log Q(’znl ‘0<n) + IOgP(0n|Zm A)]
]Eq(zn,L,A;@n) [log C](an |0<n)] = IOg Q(znl |O<n)

Q(an|0<n)

= zp log —————~—
nt 08 1- q(znl|0<n)
]Eq(zn_,,,A|o§,,L;9n)[IOgP(On‘ZmA)] = —2—2E [(0 op — 20TATzn + ZTAAT )
1
o k
1

202

o

_ 2znmfon + 2 Te[Z0 + Nle )+ 2anle ( Z bnkﬂk)‘|
ikl
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Grouping the z,,; terms, setting equal, substituting the canonical parameterization of the Bernoulli and solving, we have

bni Q(an‘0<n) 1 T
| ) ~ | - oo, + iy 208 (32 bk
Ogl—bnl Ogl—q(znz|0<n) 502 1l 0 + Tr[Spr + pupd |+ 2u k;él nkik
&y
1
O

For the linear Gaussian parameters, we want to solve
log q(Ailo<n; pnts Xnt) = By, a_ o< ,:0,,) 108 P(0n, 21, A)]
We take only the terms that depend on A;. On the left hand side, the terms that depend on A; are:
log q(Aj|o<n; tni, Xni) X (ATZ lAl QA?E;llunl)

On the right hand side, the terms that depend on Ay, are:

Eq(z,,“A,ﬂoSn;Gn) [IOgP(Om Zn A)} = Eq(zn, —tlo<n;f )[IOg Q(Al ‘O<n) + logp(0n|2n, )]
1
Eq(zn,A_1J0<ns0m) 108 ¢(Allo<n)] = —§(ATE LA 24T

n—1,1 n— 1 ZM” 1 l)
1
]EQ(zn,A_z\osn;On) 10gp<0n|zm A)} = _ﬁEQ(zn,A_IIOSn;Gn)[(O" - ATZ")T(On - ATZn)]
1 T
=~ 5aEa | (0 = 2 zns) (00 = D zmirv)
o k k'
1 T
= 55 |~ 200 A+ bt AT AL+ 20 Bt bt A
(o) k:k#l
1 T T
o k:k#l

Setting equal, removing the —1/2 prefactor and completing the square gives us

_ _ 1 T
ATS AL = 2AT S i = ATSY A = 24T S0 i1+ =5 | b AT A +2(0) 7 bukbtnk = 0n) " bt A

o k:k#l

Considering terms with the form AT () A; allows us to solve for the covariance X,,;:

_ bl
ATt A = AT (372, + 25T A

O

which gives us the final expression:

— bn -1
= (5t + )

]

(10)

To find the mean p,,;, we consider terms of the form AIT() Ll

_2AITZ;lllunl - 2Al n— 1 1Mn—1.1 + 2 A bnl Z bnk,unk — On
k:k#l
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which gives us the final expression for the mean:

_ bni
Hnl = Y Enil,l.un—l,l + % On — Z bk hnk (11)
kerk£l

Q
Q

We add one heuristic, based on the intuition that the features should ossify as evidence accumulates to support their existence.
Let 7, and X7, denote the solutions to the previous equations. Note that the that optimization problem doesn’t take into
account how many observations were used to infer those parameters; the previous parameters fi,_1,; and X, ; carry just
as much weight regardless of wheter n = 2 or n = 10'°. Consequently, instead of accepting outright the solutions z%;, $¥,,
we take a number-of-observations weighted average:

pint < q(2n1 = Llo<n )iy + (Z ¢z = 1|0<n')> Fin 1k

n’'<n

Y o< q(zn1 = 1o<n) X0, + (Z q(znk = 1|0<n/)> Yn—1k

n’'<n

These running sums are already available from the recursion and thus require no additional time or space.

B.3. Closed Form Solutions for Factor Analysis Variational Parameters

We provide closed form solutions for the variational parameters for the Factor Analysis model. The model is

On = AT(Zn © wn) + €n

where w,, € RE ~ N(0,%,,) and o denotes element-wise multiplication. We posit the variational family:

k
def
Q(Zru Wn, A|0§n§ en) =

n

=Ii

Q(an|0§n§ bnk)‘](wn|0§n; ¢n7 q)n)q(Ak|O§n; Hnk, Enk)

el
Il
—

def
Q(an ‘Ogn; bnk) = Bern(bnk)

def
Q(wn|0§n§ s ‘I)n) éN(‘ZSm (I)n)
N(,Unkaznk)

def
Q(Ak'|0§n; Hnk, Enk‘) =

def o . .
where 6,, = {b,1 }r U {dn, ®n} U {tnk } U {Ek b1 are our variational parameters for the n observation. Our optimization
problem is to maximize the approximate lower bound with respect to ,,:

]Eq(zmwn,A|oSn;9,,L) [log Q(Zn‘0<n) + Ing(wn) + log Q(A|0<n) + logp(On\Zm Wns A):| + H[Q(Zru W, A|0§n)]

where q(A|o<y) défq(A|o§n,1; Pn—1k, 2n—1,k) and g(z,|o<y,) is given in the main text as:

def 1

q(znk|o<n) = Brn_1

> 4k = 1o<w) + ¢(An-1 <k = 1ocn) = q(An_1 + An <k — 1ocyn)

n’<n

We use the same approach as for the linear Gaussian model. Starting with the binary indicator variables z,;, we want to
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solve:

IOg Q(Znh bnl) = H'-T‘q(zn _1,Wn,Alo<n;0n) [logp(zna Wnp, On, A)}

bnl

]-_bnl

Znl IOg = Eq(zn_L,wn,A\OSn;en) [Ing(Zvu W, Ons A)}

= JEq(z,7 1, Alo< ;0 )UOg Q(znl ‘O<n) + Ing(Onlznv W, A)]
(an|o<n)

1- q(znl|0<n)
Ey[(0f 0, — 20F AT (2, 0 wy,) + (20 0 wy)TAAT (2, 0 wy,))]

= Znl IOg
1

202 1
q(znl |0<n)

= l _—
i 08 1- q(znl|0<n)

1
~ 5 2( 20, i Znidnt + Eq ZznkwnkAk A+ Y ZnkWnkzZnkwnw AL Ag )

ke k! k!
=2 log q(znl|0<n)
1- Q(an|0<n)
1
~ 5,2 ( — 208t Zn1 Ot + 21|02 + @] Tr[St 4 pr )] + 22n1¢nlﬂgz( Z bnk¢>nk,uk)>
o kil

Grouping the z,; terms, setting equal, substituting the canonical parameterization of the Bernoulli and solving, we have:

b Znl|0<n 1
log —™ = log _4nlo<n) 5| — 201 fini Pt + (021 + Prtt) Te[St + piipy] + 2¢nl:u£l( Z bnk%kﬂk)
1—bu 1 —q(znilo<n) 203 klAk
&l
1
e

Next, for the scaling weights w,,, we want to solve the following equation for mean ¢,, and covariance ®,,:

log Q(wm Dn, (I)n) = Eq(zmA\OSn;en) [Ing(zm Wnp,, On,, A)]

g (W @5 wn — 2678 wy) = Eq(zﬂ,A\OSn;gn)[log p(wn) + 1og p(0n]2n, wn, A)]
- _%wTTLZ;lwn 52 Eq [(0 0n — 20T AT (2 0 wp) + (2 0 w)TAAT (2, 0 wn))}
= —%@UTE Wy, — 2c1r§ ( 208 1 diag(by )wn + Eq[(2n 0 )T AAT (2, 0 wy,)])

- _%“’Z By i( uT diag(bn)w,, + wlE,[diag(z,)T AAT diag(zn)]wn)

The term E, [diag(z, )T AAT diag(2,)] is slightly trickier. We take the expectation with respect to A, then z:
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Eqa)[AAT]i; = Eq[AT Aj]

_ Tr[/im':ugj] i
= Mz]

Eq(z,, ) [diag(zn) TAAT diag(z,)]ij = Eq(z, )[dlag(zn) M diag(zn)lij
= Eq(z,) [2ni Mijzn;]

_ JbniMijbyy i F
S\ bniMy i=

def
= SU

1 1 1
—§wg<1> Wy, = —ngZijlwn — —(wTS’wn)

‘We can then solve for @,,:
_ (y-1 1 -t
o, — (zw + ﬁs) (12)
Solving for ¢,, similarly gives:

1 1
—5 (200071 wn = — 505 (200 ding(ba) wy

1
On = ;‘I)S diag(bn)ﬂnon

o
Lastly, for the feature values Ay, we solve the following equation to obtain the mean fi,,; and covariance 3,

log Q(Al|0§n; Hnl, 2nl) = IEq(zn,wn,zél,l|o<n;«9 ) [logp(zn, W, On, A)]
= Eq(zmwm _1lo<n;0 )[logq Al |0< n)] +E q(Zn ,wn,A_1|0<n;0n) [logp(0n|zm W, A)]

As before, taking only the terms depending on A; gives:

1 _ _
log Q(Al|0§n; Hnls Enl) = _5 (AlTanlAl - 2Af2nllu7zl)

Eq logg(Ailo< m)] = 5 (ATS;1, A~ 24757, o)
1 T
]Eq [10gp(0n|zn, W, A)] = _T‘QEq |:(0n - AT(Zn o wn)) (On — AT(Zn o U}n)>:|
1
- _ﬁEq 20 Z anwnk:Ak + Z anwnkAkAk + Z anznk/wnkwnk’Ak:Ak’
o k,k":k#£k’
T

1

iy —208 bt i AL + bt [Prir + %) AT AL+ 26t | D buktiednr | Al
0 kil
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Setting the two sides equal, removing the f% prefactor, and considering terms of the form AlT(~)Al allows us to solve for
the covariance X,;:

b
Ty —1 T —1 nl
Al an Al = Al <Zn1,l + F

o

(@ + 93] I) Ay
which yields the final expression:

-1
[ nil + Qf«bz] I)

To obtain the mean p,,;, we consider terms of the form A;(+) i

bt
St (E Lt

O

_ _ bniPni
—QA’ITEnll,Unl = —QAZTZnil’Z,Un—l,l + QAZT nign Z bnk,uk(bnk — On

9o Rk
which gives the final expression:
l¢ !
Hnl = Ynl Zn 1,1Mn—1,1 + T Z bnkﬂk(z)nk
k:k#l

C. Theory
C.1. Summary of (Broderick et al., 2013b)

Broderick, Kulis & Jordan ICML’s 2013 paper "M AD-Bayes: MAP-based Asymptotic Derivations from Bayes” shows that
Kulis & Jordan’s 2012 DP-Means can be derived in a different manner, as the zero-noise limit of the MAP estimator of a
Dirichlet Process Gaussian mixture model. With this view, they also consider a zero-noise limit of the MAP estimator of a
Beta-Bernoulli Process Linear-Gaussian feature model. Letting K denote the inferred number of dishes, the high level
idea is that the MAP estimator is the solution to the following optimization problem:

argmaxp(Z, A, KT|0) = argmaxp(Z, A, KT,0) = argmaxp(X|Z, A, K" )p(Z, K*)p(A)
Z,AK+ Z,A,K+ Z,A,K+

If A has a matrix normal prior, Z a Beta-Bernoulli prior with concentration parameter «, X |Z, A a matrix normal likelihood
with covariance 21, then under the zero noise limit (i.e. 2 — 0) and reparameterizing o = exp(—\?/20?2), the objective
function can be written:
argmin Tr[(X — ZA)T(X — ZA)] + KT)\2 (13)
Z,AK+

Broderick et al. then define an algorithm BP-Means and show it converges to a local optimum. My goal is to define a similar
optimization problem for R-IBP and show that R-IBP monotonically improves.

C.2. Summary of R-IBP for Linear Gaussian Data

We consider the Linear-Gaussian generative model:

X=ZA+¢

We posit the following variational family, which is a fancy way of saying (a) each z,,; is a Bernoulli with parameter b,,;, and
(b) each feature Ay, is a Normal with mean iy, and covariance >:
k=A,

def

Q(Zn,A|0§n, n = H an|0<n7 nk:) (Ak|O§n;MnkaEnk)

q(znk|o<n; bnk) = Bern(bnk)

(Ak|0<naﬂnkaznk)d ~/\/’(,U/nk7Z )
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On each time step n, we perform coordinate ascent, changing the variational parameters. For the Bernoulli parameters, the
updates are given by

log : f"ll)nl = log - q(zzizronjn) _ % l —2pf 0y + T[S0 + pupd ] + 2uf (k%l bnkuk)]
&y
1
e
For the Normal parameters, the updates are given by:
S = (Tpki + I;”gll)
fnl = Yni (En 1iHn—1, + Z bk thnk )
& k:k#l

C.3. Zero Noise Limit of R-IBP
We repeat Thm. 4.1 for ease of reading. The proof follows.

Theorem C.1. For all k, initialize Ay’s variational parameters oy, = 0 and 3oy, ~ O(1) with respect to og. On eachn

and for all k, initialize zny’s variational parameters by, ~ O(1) with respect to o2. Reparameterize o d:efexp(—72 /202).
Then in the limit % — 0, R-IBP minimizes Eqn. (13).

Lemma C.2. Under the above assumptions, R-IBP and BP-Means populate the Z € {0,1}* and A € REXP matrices
with the same values after a single pass through the data.

Proof. We prove Lemma C.2 via induction.

Base Case: Consider the first observation (n = 1) and first feature (k = 1). We initialize b11 at ¢(z11 = 1jo<1) = q(z11 = 1),
which is the sum of the probabilities that £ > 1 features are added:

ok 0 o
q(z11 = L« :;]T O(ae™ )

The update for this first feature’s covariance is given by:

= 1’ -1
i = (St + 7‘1(“102 O‘)I)

where the second to last step is the Neumann series of the matrix (mzm + I)~!, which is applicable because the

matrix Y01 has spectral radius < 1. Intuitively, this makes sense: when the noise vanishes, we should be more

o2
q(z11=1)
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confident with where our features are. Now we turn to the updates for the mean:

H11 = 211 (201 Ho1 + — Z biktik )
k>1
o2 ( o2 —1/q(z11 = 1; )
- ) (251
q(z11 = L;a) \q(z11 = 1; ) ot 03 '
a§~>0
= 0

We next update the Bernoulli variational parameter, recalling that by; = 1/(1 + e~V»*) where:

def e 1
ﬁnk = log m — E( 2#11 Z bnk,uf'n,k + Tr[zll + Nllﬂll])

k>1

_ 1 1
=loga—a—log(l —ae™) — %7 Tr[E11] + gg(orTLon)
Ui—)O ’V2 1 T
_@—0—04‘272(0 On)

-0 ify?2 > o0l0; 0 if 2 > of'0;

050 2 T e 2 T
= <0 if 4 =07 01 = bi1 =<0.5 ify*=o0i0;
0 if v2 < of 0y 1 if v2 < of'0;

Next, consider the first observation (n = 1) and any feature beyond the first (¢ > 1). Because 1117 = 01 and by; = 1, the
observation is fully explained and so o,, — b111411 = 0, so all b = 0 and no further features will emerge. Note that this is
identical to Broderick et al.’s BP-Means on the first pass.

Inductive Step. Assume that by the (n — 1)th observation, inclusive, R-IBP has filled the first n — 1 rows in Z and A with the
same values as BP-Means. We show that for the nth observation, R-IBP and BP-Means fill the nth row with the same values.
First, note that the total number of features A,,_1 is known exactly because Vn' < n — 1, Vk, we have that b,/ € {0, 1}.
We need to consider what each algorithm will do in 1 of two cases:

1. Columns corresponding to existing dishes/features i.e. k € [1, A,_1]. In this case, Eqn. 5 dictates that

Z b n'k + q(An 1 < k — 1‘0<n) _q(Anfl + )\n S k — 1|0<n)
n’'<n =0 =0

q(znk = llo<n) = m

which is ~ O(1) with respect to o2. Consequently, the update for the Bernoulli variational parameter becomes:

0'(2)%0 1 1
U= ?Qllgk (on — Z buk fnke ) — ﬁ:ugkunk
o k?’;ék? o

If the inner product of p,,; with the unexplained remainder o,, — > £ bk’ ks 18 more than half the inner product
of ., with itself, R-IBP will set b,,;, = 1 and if not, R-IBP will set bnk = 0. This is precisely what BP-Means does.
This is because in BP-Means, b, is set to 1 if

Z b pinkr) " (On Z bk tinkr) — 24t (0 Z Dk fhnkr) + P bk
k' Ak k' Ak k' Ak

Z Y /’Lnk:’ 0 Z bnk’,u/nk’

k' #k k' Ak

and O otherwise. Simplifying, we see that the BP-Means criterion is identical to the R-IBP criterion:

1
2Mnk,unk < h(on = > buks pinir)
k' #k
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2. Columns corresponding to new dishes/features i.e. k € (Ap—1, A1 + Ay



